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INTRODUCTION 

The g r a v i t a t i o n a l  f i e l d  of a p l a n e t  may be es t imated  
by reducing Doppler d a t a  between an o r b i t i n g  s a t e l l i t e  and an 
ear th-based t r a c k i n g  s t a t i o n .  This procedure has been used t o  
determine t h e  g r a v i t a t i o n a l  f i e l d s  of t h e  ear th  and moon. The 
g r a v i t a t i o n a l  parameter ( p )  of t h e  p l a n e t s  has been e s t ima ted  
from ephemeris d a t a .  The estimate of p has been improved i n  
t h e  i n s t a n c e  of Mars and Venus by reducing Doppler data  from 
s p a c e c r a f t  which f l e w  p a s t  t h e  p l a n e t s .  

For a s a t e l l i t e  o r b i t i n g  Mars, t h e  dominant e r r o r s  
i n  reducing Doppler d a t a  a r e  i n  t h e  s i z e  of t h e  astronomical  
u n i t  and t h e  p l a n e t  ephemeris. 
work e l i m i n a t e s  t h e s e  e r r o r s  by employing a Doppler l i n k  between 
t w o  o r b i t i n g  spacec ra f t .  
a s a t e l l i t e ' s  o r b i t  p l ane  w i l l  o s c u l a t e  wi th  t i m e .  A new mathe- 
m a t i c a l  procedure i s  used t o  determine t h e  g r a v i t a t i o n a l  f i e l d  
from t h e  t i m e  varying o r b i t s .  

The procedure desc r ibed  i n  t h i s  

I f  t h e  c e n t r a l  body i s  non-spherical ,  

The technique descr ibed  i n  t h i s  work w a s  developed t o  
a c c u r a t e l y  determine a p l a n e t ' s  g r a v i t a t i o n a l  f i e l d .  The pro- 
cedure may a l s o  be used t o  e s t ima te  t h e  g r a v i t a t i o n a l  f i e l d  of 
the  moon. 
anomalies on t h e  backside of t h e  moon. 

This may permit  detemtinat ion of t h e  g r a v i t a t i o n a l  

MATH-TICAL MODELS 

A .  O r b i t  Determination 

The r e l a t i v e  v e l o c i t y  between t w o  p o i n t s  i s  expressed 

mathematical ly  as t h e  vec to r  d o t  product  6 where p i s  t h e  
vector between t h e  p o i n t s ,  I p I  i s  t h e  Euclidean norm of p ,  and 

i s  t h e  v e l o c i t y  vec to r .  The o r b i t  de te rmina t ion  problem i s  
t o  determine a parameter vec tor  X such t h a t  t h e  l e a s t  squares  

-3 

func t ion  E = c M ~ - ~ ~ ( x )  
i I 

measured v e l o c i t y .  

i s  minimized, where Mi i s  
P i  (XI 

h 

- Ii - D E T E R M I N A T I O U  OF PLANET 319-73400 

LD U S I N G  TWO S A T E L L I T E S  
17 F 7 n c l a s  

n n / 9 1  12736  



BELLCOMM, INC. - 2 -  

For an earth-based t r a c k i n g  s t a t i o n  and a Mars o rb i t e r ,  
t he  v e c t o r s  

where R = 1 

p and t, are 

\ 
p = r - R + D  

p = r - R + D  

c a t i o n  of  t r ack ing  t a t i o n  i n  an ear th-centered  frame, 

R = - v e l o c i t y  of t r a c k i n g  s t a t i o n  i n  an  ear th-centered  frame, 

D = v e c t o r  from c e n t e r  of Ear th  t o  c e n t e r  of  Mars, 

b = r e l a t i v e  v e l o c i t y  between c e n t e r  of e a r t h  and c e n t e r  
of Mars, 

r = l o c a t i o n  of Mars o r b i t e r  i n  a Mars centered frame, and 

r = v e l o c i t y  of Mars o r b i t e r  i s  a Mars centered frame. 

The vectors R,  k ,  D and b a r e  u s u a l l y  assumed t o  be known. 

For, t w o  satell i tes o r b i t i n g  Mars t h e  v e c t o r s  p and are 

p = rl - r2 

2 p = r l - r  

where 

r = p o s i t i o n  of i t h  s a t e l l i t e  i n  a M a r s  cen tered  frame - i 

= v e l o c i t y  of i t h  - s a t e l l i t e  i n  a M a r s  cen tered  frame i 

B. T i m e  Independent O r b i t s  

For t i m e  per iods  on t h e  o r d e r  of a day t h e  p e r t u r b a t i o n s  
on a high a l t i t u d e  s a t e l l i t e  ( p e r i a p s i s  a l t i t u d e  greater than  1 0 0 0  
km) produced by t h e  non-spherical  c e n t r a l  body Mars are s m a l l .  
Thus, t h e  motion of a s a t e l l i t e  appears  Kepler ian.  

The p o s i t i o n  and v e l o c i t y  of a s a t e l l i t e  i n  a Kepler ian 
o r b i t  are 
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(1) 

cos a cos ( w + f )  - sin n sin (w+f) cos i 

sin cos(w+f) + cos sin(w+f) cos i 

sin ( o + f )  sin i 

-cos ~(sin(w+f) + e sin w )  - sin 0 cos i (cos(w+f) + e cos w )  

(cos(w+~) + e cos w )  sin i 

Q(sin(w+f) + e sin w )  + cos fi cos i (cos(w+f) + e cos w )  

where 

2 a(1-e ) I r l  = l+e cos f 

N=[ 1/2 

a(1-e ) 

a = semi-major axis 

e = eccentricity 

T = time of periapsis passage 

i = inclination 

w = argument of periapsis 

fi = longitude of ascending node 

U = gravitational parameter 

The in-plane elements, a, e, and T are independent of 
the coordinate system. The Euler angles i, w, and .Q are refer- 
enced to the appropriate Mars centered coordinate system. The 
relationship between true anomaly f and time is given by Kepler's 
equation: 
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where 

Y 

Y 

E = e c c e n t r i c  anomaly 
\ 

and 

V1-e' s i n  E 
1-e cos E s i n  f = 

cos E - e 
1-e cos E cos f = 

For ear th-based t r a c k i n g  of a Mars s a t e l l i t e  t h e  o r b i t  
de te rmina t ion  problem i s  t o  determine t h e  v e c t o r s  r and i. For 
Kepler ian motion t h i s  i s  equ iva len t  t o  determining t h e  parameter 
v e c t o r  c o n s i s t i n g  of t h e  s i x  o r b i t a l  elements a ,  e,  T, i, w ,  and 
52 p l u s  t h e  g r a v i t a t i o n a l  parameter p. 

With a Doppler l i n k  between two s a t e l l i t e s ,  i t  i s  n o t  
p o s s i b l e  t o  s o l v e  t h e  o r b i t  de te rmina t ion  problem f o r  twelve 
o r b i t a l  e lements ,  thereby d e s c r i b i n g  t h e  two orbits i n  s o m e  
i n e r t i a l  r e f e rence  frame. I n  t h i s  problem t h e  mat r ix  of second 

p a r t i a l  d e r i v a t i v e s  - a E is  s i n g u l a r  and t h e r e  does n o t  e x i s t  a 

unique s o l u t i o n  t o  m i n i m i z e  t h e  l e a s t  squares  error. The reason 
f o r  t h i s  s i n g u l a r i t y  is  t h a t  t h e  Doppler s h i f t  i s  determined 
by t h e  r e l a t i v e  o r i e n t a t i o n  of t h e  two s a t e l l i t e s  and there e x i s t  
i n f i n i t e l y  many sets of Euler  angles  y i e l d i n g  t h e  same r e l a t i v e  
o r i e n t a t i o n .  

2 

ax2 

However, t he  r e l a t i v e  p o s i t i o n s  of two s a t e l l i t e s  can 
be determined w i t h  a Doppler l i n k  between t h e  t w o  sa te l l i tes  by 
us ing  a Mars centered  s a t e l l i t e  coord ina te  system. In  t h i s  
system t h e  fundamental r e fe rence  plane i s  t h e  sa te l l i t e  o r b i t  
p l ane  of one sa te l l i t e .  The x a x i s  p o i n t s  along t h e  l i n e  of ap- 
s i d e s  towards p e r i a p s i s .  The z a x i s  is  p a r a l l e l  t o  and i n  t h e  
d i r e c t i o n  of t h e  s a t e l l i t e  angular  momentum vec to r .  The y a x i s  
completes a r i g h t  hand or thogonal  system. Thus, t h e  s a t e l l i t e  
in t h e  fundamental r e f e r e n c e  plane has zero f o r  Euler  angle  va lues .  
I n  t h e  Mars centered  s a t e l l i t e  coord ina te  system, t h e  o r b i t  d e t e r -  
minat ion problem is  t o  determine a ,  e ,  and T of t h e  s a t e l l i t e  i n  
t h e  r e fe rence  p lane ,  t h e  s i x  o r b i t a l  elements of t h e  o t h e r  satel -  
l i t e  and t h e  g r a v i t a t i o n a l  parameter p. This approach i s  equiva- 
l e n t  t o  f i x i n g  t h e  t h r e e  Euler  angles  of one s a t e l l i t e  and 
determining t h e  n ine  remaining o r b i t a l  e l e m e n t s  and t h e  g rav i -  
t a t i o n a l  parameter p. 

C. T i m e  Varying Orb i t s  

If t h e  c e n t r a l  body i s  non-spherical  a s a t e l l i t e ' s  
o r b i t  p lane  w i l l  o s c u l a t e  with t i m e .  The non-spher ic i ty  of a 
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p l a n e t  can be considered i n  t h e  o r b i t  de te rmina t ion  problem by 
modifying t h e  Kepler ian a n a l y s i s  p re sen ted  above. 
how t h e  non-spher ic i ty  problem can be solved us ing  a Doppler 
l i n k  between t w o  sa te l l i t es ,  t h e  c e n t r a l  body w i l l  be assumed 
t o  have an e q u a t o r i a l  bulge.  

To i l l u s t r a t e  

General p e r t u r b a t i o n  theo ry  has  shown t h a t  t h e  oblate- 
ness  e f f e c t s  of a c e n t r a l  body on a s a t e l l i t e  can be expressed  
by a time-varying s t a t e - v e c t o r  of  t h e  s a t e l l i t e  i n  terms of t h e  
s p h e r i c a l  harmonic components of t h e  g r a v i t a t i o n a l  p o t e n t i a l  of 
t h e  c e n t r a l  body. The p e r t u r b a t i o n s  can be grouped i n t o  (i) 
s e c u l a r  v a r i a t i o n s  , (ii) long-period v a r i a t i o n s ,  and (iii) s h o r t -  
pe r iod  v a r i a t i o n s .  Kozai (') has shown t h a t  fo r  t h e  f i r s t  o r d e r  
s e c u l a r  p e r t u r b a t i o n  t h e  shor t -per iod  v a r i a t i o n s  i n  a ,  e ,  T ,  and 
i can  be considered as t i m e  independent and, f o r  a coord ina te  
system having t h e  e q u a t o r i a l  p lane  as t h e  fundamental r e f e r e n c e  
p l ane  , 

2 

Q(t) = .Qo - 3 Re 2 2  J 2 E(cos i )  (t-to) = no - ia(t-to) ' a2(1-e ) 

2 
3 Re J ii(4-5sin 2 i) (t-to) = uo+;( t - to)  

2 2  2 w ( t )  = w + 
o a a2(1-e 

where 

L J 

J2 i s  the  va lue  of t h e  second harmonic component t h e  
c e n t r a l  body p o t e n t i a l .  

Re i s  t h e  e q u a t o r i a l  r a d i u s  of t h e  c e n t r a l  body, and - 

n and wo are t h e  i n i t i a l  va lues  a t  t=to. 
0 

For a s i n g l e  s a t e l l i t e  w i t h  earth-based t r a c k i n g ,  t h e  
J2 term may be es t imated  by using t h e  s t anda rd  Mars cen te red  

e q u a t o r i a l  system, t h e  t i m e  varying E u l e r  angles  Q(t)  and w ( t )  , 
and by expanding t h e  parameter v e c t o r  X t o  c o n s i s t  of a ,  e ,  T, 
i, w 

f o r  e a r t h  satel l i tes .  
no, 1.1 and J2. Such a procedure i s  i d e n t i c a l  t o  t h a t  used 

0' 
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For a Doppler l i n k  between two s a t e l l i t e s  e s t ima t ing  
J2 i s  mathematical ly  more complex s i n c e  r e l a t i v e  o r i e n t a t i o n s  
a r e  determined us ing  t h e  Mars centered  s a t e l l i t e  coord ina te  
system which i s  n o t  re ferenced  t o  t h e  p l a n e t ' s  e q u a t o r i a l  plane.  
The e q u a t o r i a l  bulge causes  both s a t e l l i t e  o r b i t s  t o  r e g r e s s  
which produces t i m e  v a r i a t i o n s  i n  a l l  t h r e e  Euler  ang le s  i f  
n e i t h e r  s a t e l l i t e  i s  o r b i t i n g  i n  t h e  e q u a t o r i a l  p lane .  A tech-  
nique t o  estimate t h e  i n c l i n a t i o n s  wi th  r e s p e c t  t o  t h e  e q u a t o r i a l  
p lane  and t h e  J2 t e r m  from t h e  t i m e  v a r i a t i o n s  i n  t h e  Euler  a n g l e s  
i s  descr ibed  below. 

I n  e s t ima t ing  t h e  J2 term a coord ina te  system having 
as i t s  fundamental r e fe rence  p lane  t h e  e q u a t o r i a l  p lane  i s  t h e  
easiest t o  use. Since t h e  t i m e  v a r i a t i o n  of t h e  Euler  angles  
i n  such a system i s  independent of Qo and w0, a M a r s  c en te red  
s a t e l l i t e  e q u a t o r i a l  system w i l l  be used. I n  t h i s  system t h e  
fundamental r e f e r e n c e  p lane  i s  t h e  Martian e q u a t o r i a l  plane.  
The x a x i s  p o i n t s  toward t h e  ascending node of t h e  s a t e l l i t e  
a t  t i m e  zero.  The z ax is  p o i n t s  i n  t h e  d i r e c t i o n  of t h e  
Martian no r th  pole .  The y axis completes an or thogonal  r i g h t  
hand system. 

S ince  t w o  sa te l l i tes  are involved,  s a t e l l i t e  1 w i l l  
be taken as t h e  r e fe rence  o r b i t  and i t s  o r b i t a l  elements denoted 
by a l l  e l ,  '1, i 1' 
sa te l l i t e  e q u a t o r i a l  system Ql i s  ze ro . )  

' and Q1. (Note t h a t  i n  t h e  Mars cen te red  
T h e  o r b i t a l  elements 

of s a t e l l i t e  2 w i l l  be denoted a2 ,  e2 ,  T ~ ,  i2, w 2 ,  and S I 2 .  

In t roducing  the  t i m e  v a r i a t i o n  of t h e  Euler  angles  
i n  the s a t e l l i t e  e q u a t o r i a l  system produces Euler  angles  il, 

i 2 A t ,  and Q2 + h 2 A t  f o r  s a t e l l i t e  2 .  

angles  i n  t h e  Mars centered  s a t e l l i t e  system w i l l  be denoted by 
i, W ,  and Q. 

+ w l + h l A t ,  and i l A t  f o r  s a t e l l i t e  1 and Euler  angles  i2, W 2  
The corresponding Euler  

L e t  N be t h e  Ecrmal t o  t h e  orbit plane cf s a t e l l i t e  i 
i and Li a u n i t  v e c t o r  i n  t h e  d i r e c t i o n  of p e r i a p s i s  of s a t e l l i t e  

i f o r  i = 1, 2.  I n  Appendix A it i s  shown t h a t  t h e  fol lowing 
equat ions  re la te  t h e  va r ious  Euler  ang le s ,  

N1 X N2 L1 - COS Q = 0 

N1 N2 - cos i = 0. 
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The ang le s  i ,  w, fi may be a c c u r a t e l y  estimated (see 
Table 2 )  u s ing  t h e  Mars centered  s a t e l l i t e  coord ina te  system. 
Thus, Equations 6 a r e  t h r e e  equat ions  i n  t h e  unknowns il, 

kl, S l l ,  nl, i2, w 2 ,  w2,  S12, and Q 2 .  However, from Equation 5 

it i s  seen t h a t  h = ,+ k and t h a t  k i s  a f u n c t i o n  of 

J2 and i f o r  j = 1, 2 .  

t h e  s i x  unknowns i 
a r e  t i m e  dependent and given a t  l e a s t  t w o  d i s t i n c t  t i m e s ,  Equation 
6 may be so lved  i n  t h e  least  squares  sense  f o r  t h e  s i x  unknowns. 
Thus, no t  on ly  may t h e  J2 term be estimated bu t  a l s o  t h e  Euler  
angles  wi th  r e s p e c t  t o  t h e  Mars cen te red  s a t e l l i t e  e q u a t o r i a l  
coordinate system. 
D. Mul t ip le  Doppler Link 

accu ra t e  e s t i m a t i o n  of t h e i r  r e l a t i v e  o r i e n t a t i o n s .  I f  t h e  
r e l a t i v e  Eu le r  angles  are t i m e  dependent,  t h e  o r i e n t a t i o n  wi th  
r e s p e c t  t o  t h e  Mars centered  s a t e l l i t e  e q u a t o r i a l  coo rd ina te  
system may be determined. T h i s  r e f e r e n c e  system i s  dependent 
upon t h e  o r b i t  p lane  of s a t e l l i t e  1 and t o  determine t h e  i n e r t i a l  
o r i e n t a t i o n  of t h e  o r b i t  plane of s a t e l l i t e  1 earth-based t r a c k i n g  
must be used. The errors as soc ia t ed  wi th  earth-based t r a c k i n g  are 
d iscussed  i n  t h e  nex t  s ec t ion .  By us ing  t h e  r e s u l t s  ob ta ined  
from t h e  Doppler l i n k  between t h e  t w o  s a t e l l i t e s  only one param- 
e ter ,  namely ill, need be determined from ear th-based t r a c k i n g .  
The s imula t ion  shows t h a t  using two Doppler l i n k s  permi ts  a more 
a c c u r a t e  e s t i m a t i o n  of ill and of t h e  o t h e r  o r b i t a l  elements than  
us ing  only ear th-based t racking .  Appendix B describes t h e  pro- 
cedure f o r  e s t ima t ing  t h e  s tandard d e v i a t i o n  of Sl r e fe renced  t o  
t h e  s tandard  Mars centered  e q u a t o r i a l  coo rd ina te  system us ing  
ear th-based t r a c k i n g  and the  o r b i t a l  parameters determined i n  
t h e  Mars cen te red  s a t e l l i t e  e q u a t o r i a l  coo rd ina te  system. 

O1 

2 cos i 

J 5 cos 1 -1 j j 
j 

So t h e  se t  of unknowns i s  reduced t o  
i w2, Q 2  and J2. The ang le s  i, O ,  Q 

j 
1' O1' 2 '  

Using a Doppler l i n k  between t w o  sa te l l i t es  permi ts  

1 

NUMERICAL SIMULATION 

I n  Reference 2 it w a s  shown t h a t  t h e  covariance ma t r ix  
f o r  t h e  l eas t  squares  error func t ion  y i e l d s  an estimate of t h e  
s tandard  d e v i a t i o n s  i n  e s t ima t ing  t h e  o r b i t a l  elements of a 
Mars satel l i te .  Under t h e  assumption t h a t  t h e  s tandard  devia-  
t i o n  on each measurement i s  the  same, the  covariance ma t r ix  i s  

j-l where F i s  t h e  v e c t o r  (i . p j / [ p j  1 )  of t h e  form u - - 
and u i s  t h e  s t anda rd  dev ia t ion  on each measurement. The square  
root  of t h e  diagonal  elements i s  t h e  estimate of t h e  s t anda rd  
d e v i a t i o n  f o r  t h e  r e s p e c t i v e  components of t h e  parameter v e c t o r  X .  

2 piT j 
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. 

Thus, t h e  a t t a i n a b l e  accurac ies  f o r  earth-based t r a c k i n g  of e i t h e r  
Mars s a t e l l i t e  and f o r  a Doppler l i n k  between t w o  sa te l l i tes  may 
be determined by eva lua t ing  t h e  r e s p e c t i v e  covar iance  matrices 
and computing t h e  s tandard  dev ia t ions .  

A.  Measurement E r ro r s  

I n  Reference 2 the  fol lowing t a b u l a t i o n  of v e l o c i t y  
e r r o r s  w a s  p resented :  

Source 

S t a t i o n  Location 
Speed of Light  
Frequency Measurement 
Ephemeris 

Ear th  
Mars 

Earth 
Mars 

A.U. 

Value 

.00308 m / s e c  

.000334 m / s e c  

. 0068  m/sec 

.03 m / s e c  

.015 m / s e c  

.0199 m / s e c  
- 0 1 6 2  m / s e c  

To estimate t h e  error i n  earth-based t r a c k i n g  t h e  
square  r o o t  of t h e  sum of squares  of e r r o r s  from a l l  sources 
w a s  taken. The r e s u l t i n g  error estimate i s  .0423 m / s e c .  This  
compares wi th  t h e  l a  e r r o r  e s t ima te  of .03 m/sec, which d i d  n o t  
i nc lude  t h e  A.U. e r r o r ,  u s e d  by J P L  i n  process ing  Mariner I V  
da t a .  

For a Doppler l i n k  between two sa te l l i t es  t h e  dominant 
p o r t i o n  of t h e  above estimate due t o  e r r o r s  i n  s t a t i o n  l o c a t i o n ,  
ephemeris and t h e  A.U. i s  not p re sen t .  The square  r o o t  of t h e  
sum of squares  of t h e  errors i n  speed of l i g h t  and frequency 
measurement i s  .00758 m / s e c .  Thus, t h e  r e l a t i v e  p o s i t i o n s  of 
t w o  s a t e l l i t e s  using a Doppler l i n k  may be computed more accu- 
r a t e l y  because of t h e  smaller  d e v i a t i o n  than ear th-based t r a c k i n g  
f o r  equal  t r ack ing  t i m e s .  This w i l l  be demonstrated by t h e  
r e s u l t s  from a numerical s imula t ion .  

B. Simulation Resul t s  

The o r b i t s  chosen f o r  s tudy  w e r e  a s  fo l lows .  The t w o  
o r b i t i n g  sa te l l i t es  have i n c l i n a t i o n s  of 6 0 "  and 70°, p e r i a p s i s  
a l t i t u d e  of 2090  km, and a per iod of twelve hours .  There w e r e  
1 4 4 0  d a t a  samples taken a t  one minute i n t e r v a l s ,  which i s  t w o  
o r b i t s .  For s i m p l i c i t y  t h e r e  w a s  no Mars o r  Ear th  o c c u l t a t i o n  
inc luded  i n  t h e  model. 

Table 1 l is ts  t h e  o r b i t a l  elements r e fe renced  t o  t h e  
Mars centered  e q u a t o r i a l  coord ina te  system and t h e  s t anda rd  
d e v i a t i o n s  f o r  ear th-based t r ack ing .  Table 2 l i s ts  t h e  o r b i t a l  
elements re ferenced  t o  t h e  Mars centered  s a t e l l i t e  coord ina te  
system and t h e  r e s p e c t i v e  dev ia t ions  on each measurement. 
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Table 3 shows t h e  r e s u l t s  ob ta ined  f o r  J2 and t h e  
Euler  angles  r e fe renced  t o  t h e  Mars centered sa t e l l i t e  e q u a t o r i a l  
system by so lv ing  Equation 6 .  A s  w a s  noted ear l ie r  t h e  r e l a t i v e  
Euler  ang le s  are t i m e  dependent and a minimum of t w o  d i s t i n c t  sets 
of t r a c k i n g  d a t a  a r e  requi red  t o  estimate t h e  Euler  angles .  The 
t w o  sets used w e r e  determined by us ing  two s e p a r a t e  days of t r a c k -  
i n g  d a t a ,  as descr ibed  above, taken one week a p a r t .  The s tandard  
d e v i a t i o n  f o r  t h e  r e l a t i v e  E u l e r  angles  used i n  computing t h e  
e n t r i e s  i n  Table 3 w a s  1 x This va lue  i s  an upper bound of 
t h e  s t anda rd  d e v i a t i o n s  f o r  t h e  r e l a t i v e  Euler  angles  i n  Table 2 .  
The e s t ima t ion  of t h e  s tandard d e v i a t i o n  of Ql, re ferenced  t o  t h e  

s t anda rd  Mars centered  e q u a t o r i a l  coo rd ina te  systems, which i s  
determined from ear th-based t r ack ing  of s a t e l l i t e  1, i s  a l s o  given.  

Comparing Tables 1 and 2 it is seen t h a t  employing a 
t w o  way Doppler l i n k  permi ts  more accu ra t e  de te rmina t ion  of t h e  
o r b i t a l  elements than  earth-based t r ack ing .  An i n c r e a s e  i n  
accuracy of a t  least  t w o  o rde r s  of magnitude i s  expected because 
of t h e  decrease  i n  s t anda rd  d e v i a t i o n  produced by e l imina t ing  
errors i n  s t a t i o n  l o c a t i o n ,  ephemeris, and A.U. There i s  an 
a d d i t i o n a l  improvement of two orders of magnitude i n  e s t i m a t i n g  
t h e  r e l a t i v e  Euler  angles  and t h e  g r a v i t a t i o n a l  parameter.  The 
a d d i t i o n a l  accu rac i e s  are a r e s u l t  of t h e  geometry of t w o  o r b i t i n g  
satell i tes.  Table 3 shows t h a t  t h e  J2 t e r m  may be es t imated  t o  
4 p l a c e s  and t h a t  t h e  i n c l i n a t i o n ,  i ,  t o  t h e  Mars e q u a t o r i a l  
p lane  and t h e  argument of p e r i a p s i s ,  o, may a l s o  be es t imated  
t o  4 p l a c e s  by using t h e  technique descr ibed  ear l ier .  

CONCLUSION 

A Doppler l i n k  between two o r b i t i n g  sa te l l i t es  provides  
a means of accu ra t e ly  determining t h e i r  r e l a t ive  p o s i t i o n s .  I f  
t h e  p l a n e t  i s  non-spherical ,  then  t h e  p e r t u r b a t i o n  f o r c e s  a c t i n g  
on t h e  s a t e l l i t e s  may be es t imated  and t h e  o r i e n t a t i o n  of t h e  
s a t e l l i t e  o r b i t s  wi th  r e s p e c t  t o  t h e  p l a n e t  e q u a t o r i a l  p lane  may 
be determined. With t h i s  knowledge t h e  o r i e n t a t i o n  i n  i n e r t i a l  
space can be determined from earth-based t r a c k i n g  of e i t h e r  
sa te l l i t e .  

Simulation r e s u l t s  show t h a t  t h e  m u l t i p l e  l i n k  Doppler 
system permits  more a c c u r a t e  e s t ima t ion  of t h e  o r b i t a l  elements 
t han  a s i n g l e  Doppler l i n k  between an ear th-based t r a c k i n g  s t a t i o n  
and an o r b i t i n g  s a t e l l i t e .  The numerical  example presented  should 
be considered a s  a gene ra l  order of magnitude estimate because t h e  
s t anda rd  dev ia t ions  are func t ions  of t h e  geometry of t h e  problem. 
Only t h e  J2 t e r m  w a s  considered b u t  t h e  procedure descr ibed  can 
be extended t o  inc lude  h igher  terms. 

1014-CLG-blm L. G r e e r  

Attachments 
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APPENDIX A 

The equat ions  r e l a t i n g  a p l a n e t  e q u a t o r i a l  coo rd ina te  
system t o  t h e  r e l a t i v e  s a t e l l i t e  coord ina te  system are de r ived  
below. 

The p o s i t i o n  of a s a t e l l i t e  i n  a Kepler ian o r b i t  i s  

cos SI cos(w+f) - s i n  Q s i n ( o + f )  cos i 

( A 1  1 cos(w+f) + cos Q s in (w+f )  cos  i 

s i n ( w + f )  s i n  i 

where 

2 a(1-e ) 
I r l  = l+e cos f 

a = s e m i - m a j o r  a x i s  

e = e c c e n t r i c i t y  

T = t i m e  of p e r i a p s i s  

i = i n c l i n a t i o n  

w = argument of p e r i a p s i s  

Q = longi tude  of ascending node 

p = g r a v i t a t i o n a l  parameter 

The o r b i t a l  elements of s a t e l l i t e  1 w i l l  be s u b s c r i p t e d  
by 1 and those  of s a t e l l i t e  2 subsc r ip t ed  by 2 .  I n  t h e  s a t e l l i t e  
coord ina te  system using t h e  o r b i t  plane of s a t e l l i t e  1 as t h e  
fundamental r e fe rence  p l ane ,  t h e  x a x i s  p o i n t s  i n  t h e  d i r e c t i o n  
of p e r i a p s i s .  The z a x i s  i s  i n  t h e  d i r e c t i o n  and p a r a l l e l  t o  t h e  
angular  momentum vec tor .  The y a x i s  completes a r i g h t  hand or tho-  
gonal  system. 

The d i r e c t i o n  of p e r i a p s i s ,  which corresponds t o  a 
t r u e  anomaly of zero,  is  t h e  v e c t o r  

cos 1 cos n1 cos  w - s i n  62 s i n  w 1 1 r 
I L~ = I  s i n  n1 COS w + cos nl s i n  o1 cos  il 

L s i n  w1 s i n  il J 
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The normal t o  t h e  s a t e l l i t e  o r b i t  p lane  may be computed by 
t ak ing  t h e  v e c t o r  cross product between t h e  v e c t o r s  whose t r u e  
anomalies are -a and - w  + 90'. 
t h e  v e c t o r  

The normal N1 i s  seen t o  be 

and 

s i n  i sin Q~ 1 

Proceeding as above g i v e s  

2 

cos 

2 cos Q2 cos w - s i n  Q 2  s i n  w 2 

2 
s i n  w s i n  i2 

s i n  Q2 cos w + cos Q2 s i n  w 2  cos i 

2 

- 
N2 - 

r s i n  i 2 

2 - s i n  i 1 cos i2 

s i n  

cos 

(A3 1 

(A4 1 

(A5 1 

The v e c t o r  N1 x N2 i s  the  l i n e  of i n t e r s e c t i o n  between 
t h e  t w o  o r b i t  p lanes  and i s  the  l i n e  of nodes i n  t h e  s a t e l l i t e  
coord ina te  system. 1 
of t h e  ascending node of s a t e l l i t e  2. 

I n  p a r t i c u l a r ,  N x N2 p o i n t s  i n  t h e  d i r e c t i o n  

Thus t h e  long i tude  of t h e  ascending node s a t i s f i e s  

cos  Q = N x N2 . L, 1 

t h e  argument of p e r i a p s i s  s a t i s f i e s  

L2 cos w = N x N2 . 1 (A7 1 

and t h e  angle  of i n c l i n a t i o n  satisfies 

cos i = N1 . N2. (A8 1 

The geometry of the  problem i s  i l l u s t r a t e d  i n  F igure  A. 
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APPENDIX B 

L e t  Mi be a vec to r  of measured va lues  which i s  t o  be  

approximated i n  t h e  l ea s t  squares  sense  by a vec to r  f u n c t i o n  
F ( i , e , Y ) .  I t  is assumed t h a t  8 i s  a scalar v a r i a b l e  and Y is a 
v e c t o r  of cons t an t s  w i t h  known s t anda rd  dev ia t ions .  The leas t  
squares  error func t ion  i s  of the form C ( M i - F ( i , e , Y ) )  2 . The va lue  

i 
of e which minimizes t h e  least  squares  error sat isf ies  t h e  equa- 

To f irst  o rde r  t h e  standard t i o n  C 
i 

d e v i a t i o n s  s a t i s f y  the  equat ion.  

( M i - F ( i , e , Y ) )  = 0 .  aF (i, e , Y )  
a e  

aF (i ,e ,Y) aF (i, e , Y )  2 l a  
'j a e  a Y  j 

+ c  
i 

I t  i s  assumed t h a t  u i s  a cons t an t  u f o r  a l l  i. 
Mi 

Neglecting second order  terms and so lv ing  f o r  u y i e l d s  e 

a F ( i , e , Y )  a F ( i , e , Y )  2 2 1 
j i j i  a e  a Y  

u =  e 
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Element 

al 

el 

1 i 

w1 

*l 
u 

2 a 

2 e 

T2 

2 i 

w2 

*2 

TABLE 1 

Earth Based Tracking 

Total Tracking Time 24 Hrs. 
Sampling Rate is One Per Minute 

Value 

12665.0 km 

.5682599 

0.0 hrs 

60.0' 

0.0" 

o.oo 

5.5637 + 11 km3/hr2 
12665.0 km 

.5682599 

1.0 hrs 

70.0" 

140.0' 

70.0' 

5.5637 + 11 km3/hr2 

la Deviation 

.211 + 1 

.800 - 6 

.360 - 5 

.386 - 1 

.351 - 1 

.445 - 1 

.278 + 9 

.470 + 1 

.127 - 5 

.547 - 5 

.116 - 1 

.234 - 1 

.36 - 1 

.619 + 9 
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Element 

al 

el 

‘1 

a2 

2 e 

‘2 
i 

w 

n 

TABLE 2 

Two Satellite Doppler Link 

Total Tracking Time 24 Hours 
Sampling Rate is One Per Minute 

Value 

12665.0 km 

.5682599 

0.0 hrs 

12665.0 km 

.5682599 

1.0 hrs 

97.79O 

76.07O 

63.30’ 

5.5637 + 11 km3/hr2 

la Deviation 

.579 - 3 

.206 - 7 

.885 - 7 

.579 - 3 

.237 - 7 

.915 - 7 

.449 - 5 

.969 - 5 

. 9 4 6  - 5 

.763 + 5 
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E l e m e n t  

1 i 

i2 

w2 

O2 

J2 

TABLE 3 

Two Data Sets Determined 

One Week A p a r t  

V a l u e  

60.0' 

o . o o  

70.0' 

140 .0 '  

70.0' 

.00192 

0.0' 

l a  Deviat ion 

.264  - 3 

.678  - 4 

. l o o  - 3 

.267  - 3 

.877  - 4 

.514  - 6 

.483  - 4 

*Determined f r o m  M u l t i p l e  Doppler L i n k s  
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FIGURE A 
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a 

ABSTRACT 

The gravitational field of a planet may be estimated 
using Doppler data from a radio link between an artificial 
satellite orbiting the planet and an earth-based station. 
When two satellites simultaneously orbit the same planet, as 
may well be the case with the 1971 Mariner spacecraft, the 
question occurs, can additional information and accuracy be 
obtained by providing a Doppler link between the two satellites. 

Theory shows that satellite-to-satellite Doppler data, 
without the earth-based link, can be used to estimate relative 
satellite positions and the gravitational parameter, p, for a 
symmetrical planet. For an oblate planet, this same data can 
be used to estimate satellite positions relative to the equa- 
torial plane, as well as the degree of oblateness. Adding a 
Doppler link to earth allows the inertial coordinates of the 
satellite orbit planes to be included in the estimate. 

To investigate the question of additional accuracy 
provided by the satellite-to-satellite Doppler data, a mathe- 
matical simulation of the data reduction problem was carried 
out on a digital computer. Under the particular assumptions 
employed, it was found that for equal tracking times estimated 
accuracies improved two to four orders of magnitude when the 
satellite-to-satellite data was used in conjunction with earth- 
based data, compared to earth-based data alone. 


